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Weisz has proposed a most convenient method of measuring the effective diffusion coeffi-
cient of a porous medium in which a spherical pellet of radius a is held in an elastic tube which
effectively seals off an equatorial zone between the latitudes ++ and allows the spherical caps
to be exposed to two different concentrations ¢, and ¢s. The effective diffusion coefficient De
is related to the observed flux F by D. = auF (ra?)[{c: — c2)/(2a)] where aw, a cor-
rection factor due to the spherical geometry, is a function of v, A graph of a, is given for

10° € y < 80°. Tt agrees well with experimental measurements.

1. FORMULATION OF THE PROBLEM

A porous sphere whose equatorial zone
is as a sealed surface has its polar caps
exposed to two different concentrations
as shown in Fig. 1. The axisymmetric con-
centration c¢(r, §) within the sphere satisfies
the equation

1 3] dc
+ — (sin 8 ——) e))
r?sin 6 96 a6

and the boundary conditions

The flux is

Y /dc .
F = De27razf (-) sin 6d8, (3)
0 ar r=a
where D, is the effective diffusion coeffi-
cient. If the sphere were replaced by a
cylinder of the same radius with length
equal to its diameter the flux would be

F = Dera*[(c1 — ¢2)]/2a],  (6)

and D. could be calculated as F/
[ra%(cy — cz)/2a]. Weisz suggested that
a correction factor be used to give a similar
formula for the spherical pellet

cr — c2\71
De=awF(1ra2)_1(l 2) .o
2a

¢(@,0) = 0<6<m @ If this is substituted for D, in Eq. (5) we
dc/or = 0 y<6<m—v, @ "V o
aw = [ / (——) sin 0d0:| )
cla,0) =c2c 71— v <0 m ) c1— ¢z o \OT/ g
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F16. 1. The geometry of the Weisz diffusivity cell.

Weisz determined e, = 0.79 for 4/ = 49°
experimentally as a calibrating measure-
ment (7). It is proposed here to calculate
a, as a function of y. The mathematical
method will only be sketched very lightly,
but the calculations raised some computa-
tional points that workers on other diffu-
sion problems may be glad to have outlined.
The method by which Fig. 2 can be em-
ployed in the practical use of the Weisz
diffusion cell is described at the end of the

paper.
Let
p=r/a,
ulp, 8) = {2c(ap, 0) — (c1 + ¢2)}/ 9)

(e1— c2);

i)
9
= 0,

then j(¥) must satisfy the Fredholm
integral equation

i) = cos 3¢

1 rr
+-] K@ —x)ix)dx, (18)

TS -y

Y
f u,(1, 8)(2 cos ¢ — 2 cos 6)~¥sin 6d6,
l
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then
1 o ou
Vo= — (pz _)
ptdp\ dp
1 o/  du
— — (sm 0——) =0, (10)
p%sin 6 36 a0
and
u(l,8) =1, 0560 <y, (1)
uP(1;0)=0) vy<0<w—y, (12)
u(l,8) = —1, r—y <8<, (13)
and

1 T fou
—_= 2/ (——) sin 6d6. (14)
Qw o \dp/ 1

The solution of Eq. (10) which is regular
in the sphere is

ulp, 8) = 2 a.p"P.(cos 6),

n=0_

(15)

and the boundary conditions will be satis-
fied if the a, can be chosen so that

Sa,P,(cos 6)=1, 0<0<y,
Zna,P.(cos ) =0, y<8<r—7, (16)
2a,P,(cosb)=—1, m—y<6<m.
This is known as a triple series problem
and it is one of the types discussed by
Collins (2) and Sneddon (3).
Suppressing the details of the manipula-~

tions, which are indeed painful, Colling’
solution may be expressed as follows. Let

ly] <o , an

y< ¢ <=

where the kernel is

K(w) = 4[sec 2w + cos Juw

X In [tan 1w | + (#/2) [sin 3w 1. (19)

The correction factor is given in terms of
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J @) by

1 kd
- / ) cos dy.  (20)
0

[277)

2. METHOD OF SOLUTION

Before outlining the method of solution
(due to W.W.M.) it is worth mentioning
that some other suggestions proved un-
fruitful. Thus, a Galerkin method using a
finite number of terms of the series (15)
and making the weighted residuals of the
boundary conditions equal to zero was not
easily convergent. Similarly, although we
would expect u(1,68) for y <0 <o — 7y
to be a smooth interpolating function
between 1 and —1, attempts to approxi-
mate this by a finite series and so solve a
Dirichlet problem were unsuceessful.

The solution to Egs. (18) and (19) is
best accomplished by setting

c=tandy, cx=tanly, cy = tanix 1)
i) = Q + ca)h(a)

so that h(z) satisfies

hz) = (1 + c%?)—t

+ 20 4 ear) / G, Dhv)dy, (22)
ka —1

where
Gz, y)
={H(z, )} "+{H(, )} In I (z,y)

+ (n/2)H (z, y)J (z, y), (23)
14 ey
H(x; y) = (1 T 02122)*(1 T 2)};
T e
S =Yl
i 1+ ¢ty )

The kernel G (z, y) is further written as

Gz, y) = Go(x,y) + Gi(z, ),

T ly—yl (25
Go(d),y) =lIn ]x_yl +§cl+czxz’
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F1a. 2. The correction factor as a function of .

and it can be shown that 1 has continuous
first derivatives. Since ¢y is smooth, the
integral [Gi(z, y)h(y)dy should be amen-
able to Gaussian quadrature and be well
approximated by
2 wiG(x, 2;)h(x)), (26)
=0
where %o, %1, ..., Zm are the roots of
P,i(x) =0 and w,, ..., w, the corre-

sponding Gaussian weights. These weights
can also be used in the representation

JORSVBNCERY
X Pro(y) Pr(z)wih(z;). (27)

Then the integral, Eq. (22) can be ex-
pressed in terms of the collocation values
h(z;) at the zeros of P,y1 and so also can
a. The details of this reduction are not
suitable for this journal but may be ob-
tained on request from W WM. (4);
suffice it to say that this method worked
where the others had nof.

3. RESULTS

Figure 2 shows a, as a function of 7,
between 10° and 80°. Twelve-point quad-
ratures were used to calculate the values of
a, which are accurate to at least three
significant figures.

Experiments have shown that the true
angle of enclosure v (in Fig. 1) is somewhat
larger than v’ which assumes an ideal cell
geometry. Figure 3 shows measured values
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F1a. 3. v as a function of «” for a Tygon tube
(see Fig. 1 for explanation).

of v as a function of 4/, for a range of
catalyst pellet sizes fitted into a Tygon
tube similar to the one used by Weisz (7).
From Fig. 3 it was possible to estimate vy
for Weisz’ experiments.

Figure 4 shows the comparison of cal-
culated and measured values of «,, for the
practical range of 55° < v < 70°.

The theory agrees well with Weisz’
observed value at y = 58.5°. To check the

a,

l,OF

Weisz (1)

951

Fia. 4. Comparison of calculated and measured
values of ay.
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theory at other values of v, He-N, counter-
diffusion measurements were carried out
on porous alumina pellets of varying diam-
eter. The data were forced to agree with
theory at y = 58.5° and follow well the
calculated curve.

4. APPLICATION

The graphs given here can be used as
follows. If the angle v is measured directly,
then Fig. 2 gives @, immediately and this
is employed in Eq. (7) to calculate the
effective diffusion coefficient. If Tygon
tubing of the kind used by Weisz (i.d.
= 0.125 in,, o.d. = 0.25 in.) is employed,
Fig. 3 can be used to find v from 4/, the
angle whose sine i1s the ratio of tube to
pellet diameter. The two figures have not
been combined since Fig. 2 is universally
applicable, whereas Fig. 3 is strictly speak-
ing particular to Tygon tubing of this
diameter. However, for a material of similar
modulus of elasticity and for similar ge-
ometry it should provide a good approxi-
mation.
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